The problem of computing the chromatic number of Kneser hypergraphs has been extensively studied over the last 40 years and the fractional version of the chromatic number of Kneser hypergraphs is only solved for particular cases. The (p, q)-extremal problem consists in finding the maximum number of edges on a k-uniform hypergraph H with n vertices such that among any p edges some q of them have no empty intersection. In this paper we have found a link between the fractional chromatic number of Kneser hypergraphs and the (p, q)-extremal problem and also solve the (p, q)-extremal problem for graphs if n is sufficiently large and p ≥ q ≥ 3 by proposing it as a problem of extremal graph theory. With the aid of this result we calculate the fractional chromatic number of Kneser hypergraphs when they are composed with sets of cardinality 2.
Introduction
Let p, q be natural numbers such that p ≥ q ≥ 2. A k-uniform hypergraph H has the (p, q)-property if among any p edges some q of them have a common vertex. The (p, q)-extremal problem consists in finding the maximum number of edges on a k-uniform hypergraph H with n vertices that satisfies the (p, q)-property. The (p, q)-property has been extensively studied in discrete geometry. It was proposed by Hadwiger and Debrunner in 1956 (see [15] ), and studied by N. Alon and D. J. Kleitman [1] . For an excellent survey of the topic see [3] . The direction of our approach is related to several classical theorems of extremal graph theory and extremal set theory.
The (p, 2)-extremal problem for k-uniform hypergraphs is equivalent to finding the maximum number of edges on a k-uniform hypergraph with no p disjoint edges. This problem has been studied in several papers, and the cases of k = 2, 3 are completely solved (see [6] , [9] , [10] and [19] ), and for the general case, there are partial results in [5] , [8] , and [16] .
The (2, 2)-extremal problem is equivalent to the Erdős-Ko-Rado Theorem (see [4] ) and for q ≥ 2 there exists a generalization of the Erdős-Ko-Rado theorem given by P. Frankl [7] in a lemma that is equivalent to the (q, q)-extremal problem.
In this paper we solve the (p, q)-extremal problem for graphs and also give a lower bound for the (p, q)-extremal problem for k-uniform hypergraphs. The main result is the following:
Theorem 1 (The (p, q)-extremal problem for graphs). Let G be a graph with n vertices satisfying the (p, q)-property; for n ≥ 2p 2 and p ≥ q ≥ 3 we have
where t = p − 1 q − 1 and r is the residue of
In 1955 Kneser posed a combinatorial problem (see [17] ) that was later solved by Lovasz in 1978 using the Borsuk-Ulam Theorem, showing one of the earliest and most beautiful applications of topological methods in combinatorics (see [18] ). Lovasz's paper shows the equivalence between the Kneser conjecture and the chromatic number of Kneser graphs. There are several generalizations of the Kneser-Lovasz Theorem, one of them given by K. S. Sarkaria in 1990 . He found the chromatic number of Kneser hypergraphs, also using topological tools (see [21] ). Thus it is natural to ask for the fractional version of this result; i.e., what is the fractional chromatic number of the Kneser hypergraphs? The fractional chromatic number of a Kneser hypergraph can be computed in terms of the maximum number of edges of a hypergraph with the (p, q)-property, as we will see towards the end of this paper.
The paper is organized as follows: Section 2 presents some definitions and preliminary results; in Section 3, we do an extensive analysis of the (p, q)-extremal problem for graphs and prove the main theorem as well as analyzing some particular cases. Finally in Section 4 we define the fractional chromatic number of Kneser hypergraphs, and give the relationship between the (p, q)-extremal problem and the fractional chromatic number of the Kneser hypergraphs. , and for convenience, we write
Notation and Preliminaries
and is denoted by F ⊆ H. The degree of a vertex v ∈ H with respect to subhypergraph F is defined as deg
The minimum degree and maximum degree of a hypergraph H are denoted by δ(H) and ∆(H) respectively. A t-matching is a set of t pairwise disjoint edges. If U is a nonempty subset of the vertex set V (H) of a hypergraph H, then the subhypergraph U of H induced by U is the hypergraph having vertex set U and whose edge set consists of those edges of H incident to two elements of U.
Given two hypergraphs H and F , a hypergraph morphism between H and F is a function f : V (H) → V (F ) that preserves edges. An automorphism is a morphism between a hypergraph and itself. A hypergraph H is called vertextransitive if for any pair of vertices u, v ∈ V (H) there exists an automorphism f such that f (v) = u.
Let F be a family of hypergraphs. A hypergraph H is F-free if H contains no element of F as a subhypergraph. We also say that F is a forbidden family of hypergraphs for H. The extremal number for the pair (n, F) is denoted by
, and H is F-free}.
An extremal hypergraph for the pair (n, F) is a hypergraph H with n vertices, F-free and exactly ex k (n, F) edges. If k = 2 then the definition is equivalent to the usual ex(n, F ) defined in extremal graph theory (see [2] ). It is easy to check that if ex k (n, F) is a monotone function with respect to F; i.e., if
, is defined as the family of all k-uniform hypergraphs with p edges, no isolated vertices and maximum vertex degree q − 1. That is,
The handshaking lemma for hypergraphs gives us the inequalities
Definition 2. Given n, k, t, positive integers with n ≥ t ≥ 2, we define the
Furthermore,
is the family of k-hypergraphs that contains F k (n, t) as a subhypergraph and has exactly r edges with no vertices in [t] . The graph F 2 (n, t) is also known as a split graph (see [14] ).
⌋, and r is the residue of
Proof. By hypothesis we have that p − 1 = t(q − 1) + r, where t ∈ N and 0 ≤ r < q − 1. All the edges of H have a vertex in [t] except, say, the edges E = {e 1 , e 2 , . . . , e r }. If we take any p edges in H then at most r edges are in E. Then the other p − r = t(q − 1) + 1 edges have a vertex in [t], but by the pigeonhole principle one vertex has degree at least q.
The (p,q)-extremal problem for graphs
The aim of this section is to prove our main theorem. To simplify the notation we introduce the following lemma.
Lemma 4. Let G be a bipartite graph with partition sets A, B. If |A| < |B| and e(G) > (t − 1)|B|, then G has a t-matching.
Proof.
We proceed by contradiction. Suppose that the maximum matching has at most t − 1 edges. Then by Konig's theorem (see [2] ), the minimum vertex cover has at least t − 1 vertices; then e(G) ≤ (t − 1)|B|, which is a contradiction.
Observe that for every H ∈ F k (n, t, r), e(H) = n k − n−t k + r. Then following the notation of Lemma 3, we may define the function ϕ k (n, p, q) := e(H).
Theorem 1 can be restated using the previous definitions as follows:
and the extremal graph is any G ∈ F 2 (n, t, r) up to isomorphism, where
⌋ and r is the residue of
Proof. Let G be a graph with n ≥ 2p 2 vertices that satisfies the (p, q)-property for p ≥ q ≥ 3. By Lemma 3 we know that D 2 (p, q) ), so we may assume that G is a graph with e(G) ≥ ϕ 2 (n, p, q) edges.
It is not difficult to show that ϕ 2 (n, p, q) is an strictly increasing function with respect to the variable p.
The
In order to prove that e(G) ≤ ϕ 2 (n, p, q), it will be enough to show that there is a set X ⊆ V (G) of cardinality t contained in V (F ) such that V (G) − X contains exactly r edges.
We will proceed by showing the following three statements:
is an independent set of vertices in G,
, and c) V (F ) − X contains exactly r edges in G.
Claim a)
Suppose that there exists an edge e contained in V (G) − V (F ) . Then the edges of F plus e contradict the (p, q)-property.
Claim b)
We will start by showing that e(V (F ),
and we have that
which implies that n < 2p 2 , but this is a contradiction. Since e(V (F ), V (G) − V (F )) > (t − 1)(v(G) − v(F )) and n ≥ 2p 2 ≥ 4(p − 1) ≥ 2v(F ), then by Lemma 3, there is a t-matching contained in
. Let {e 1 , . . . , e t } be such a matching, let x i be the vertex of the edge e i that is in V (F ), and let X = {x 1 , x 2 , . . . , x t } ⊆ V (F ).
Consider now Y = {y ∈ V (F ) | y is adjacent to some vertex of V (G) − V (F )}. Clearly X ⊆ Y . Note that Y is an independent set of vertices in F , and suppose there is a edge f = {y 1 , y 2 } ∈ F, where y 1 and y 2 belong to Y . Then there are edges f 1 = {y 1 , v 1 } and f 2 = {y 2 , v 2 }, where v 1 and v 2 are not in V (F ). By replacing the edge f by the edges f 1 and f 2 in F , we obtain a contradiction to the fact that G satisfies the (p, q)-property (in this step it is important that q ≥ 3). Next we shall prove that X = Y ; note that for every y ∈ Y , deg F (y) = q − 1, otherwise, since y is adjacent to some vertex of V (G) − V (F ), there is an edge f 1 = {y, v}, where v is not in V (F ), but hence the edges of F plus f contradict the (p, q)-property for G. If |Y | ≥ t + 1 then
which is also a contradiction. Then |Y | = t, and so X = Y .
Claim c)
First note that V (F ) −X contains exactly r edges in F . This is because F has p − 1 = t(q − 1) + r edges, X is a set of t independent points in F and for every x i ∈ X, deg F (x i ) = q − 1. Suppose c) is not true. Then there is an edge f = {y 1 , y 2 } in E(G) − E(F ) such that y 1 and y 2 belong to V (F ) − X. We have three cases.
If case i) occurs, the edges of F plus f contradict the (p, q)-property. For case ii), note that there is an edge f 1 = {y 2 , x i } in F, because V (F ) − X contains exactly r edges in F and r < q − 1. By replacing f 1 with f and e i in F, we obtain a contradiction to the (p, q)-property. Finally, the fact that V (F ) − X contains exactly r edges in F and r < q − 1 implies in case iii) that there are edges f 1 = {y 1 , x i } and f 2 = {y 2 , x j }, both in F , where i = j. Replace f 1 and f 2 by f, e i , e j to obtain a contradiction to the (p, q)-property. This confirms that V (F )−X contains exactly r edges in G and consequently that e(G) ≤ ϕ 2 (n, p, q). We also proved that G ∈ F 2 (n, t, r).
Remark. The bound 2p
2 can be improved to
Conjecture 5. For n sufficiently large and p ≥ q ≥ 2,
If k = 2, p ≥ q = 2, the conjecture is true due to a theorem of Erdős and Gallai in [6] ; if k ≥ 2 the theorem of Frankl in [8] also confirms the conjecture; if k = 3 the theorems in [11] and [12] show the (p, 3)-extremal problem; and finally if p = q and k ≥ 2, the lemma of Frankl in [7] proves the (q, q)-problem.
In order to analyze the (p, 3)-property for graphs and n = p we need the following result.
Lemma 6. If F is a graph such that v(F ) = e(F ) ≥ 3, then F has a vertex of degree greater than 3 or all the vertices have degree 2.
Proof. By induction on the number of vertices. For n = 3 the result is clear. Suppose that for n ≥ 3 we have that the statement is true. Let F be a graph with n + 1 = v(F ) = e(F ). If deg(x) = 2 for all x ∈ V (F ) or there exists a vertex y such that deg(y) ≥ 3, then the statement is true, so suppose that we have a vertex x such that deg(x) = 1. Then the graph F − x satisfies the induction hypothesis, and then all the vertices of F − x have degree 2 or there exists a vertex of degree greater than 3; in either case we conclude that F has a vertex of degree greater than 3.
Proof. We prove the first inequality ex(p,
+ 1 by showing that the graph G = K p−1 + e (the complete graph K p−1 with an extra edge) satisfies the (p, 3)-property. Any set of p edges in G generates a subgraph F with p vertices and p edges which either has a vertex of degree greater than 3 or all the vertices have degree 2 by Lemma 6, but the latter is not possible because we have a vertex of degree 1 in G, so F has a vertex of degree 3. D 2 (p, 3) and by the monotone property of ex(n, F) and Ore's theorem (see [20] ) we prove that
4 An application of the (p,q)-extremal problem on fractional coloring of hypergraphs
In this section we will apply the (p, q)-extremal problem to find the fractional chromatic number of Kneser hypergraphs. A set system is q-wise disjoint if any choice of q sets has an empty intersection. If q = 2 then we are saying that the system is pairwise disjoint. A k-coloring of the vertex set of a hypergraph is a partition of the vertices into k classes such that each class has no edges.
, and p sets form an edge if they are a q-wise disjoint family.
In 1990 K. S. Sarkaria proved that the chromatic number of the Kneser q-wise p-hypergraph is given by the following formula (see [21] ):
for p, q, n, k ∈ N, p ≥ q ≥ 2 and n ≥ k.
Fractional chromatic number for hypergraphs and its equivalence with extremal problems
The fractional chromatic number is a generalization of the classical chromatic number where each vertex is colored with a set of colors instead of a single color. There are several equivalent definitions of fractional coloring. In this paper we use the one that defines the fractional chromatic number in terms of independent sets. An independent set of V (H) is a set with no edges. The independence number of an hypergraph H, denoted by α(H), is defined as the maximum cardinality of a independent set; the family of all independent sets is denoted by I(H), and I(H, v) is the family of all independent sets containing the vertex v. Given a hypergraph H = (V, E), a fractional coloring of a hypergraph is a function f : I(H) → R + such that for all v ∈ V (H), S∈I(H,v) f (S) ≥ 1.
The weight of a fractional coloring is the sum of all its values, and is defined by the formula p(f ) = S∈I(H) f (S). The fractional chromatic number of a hypergraph is the minimum possible weight for a fractional coloring and is denoted by χ f (H). One important observation is that χ f (H) ≤ χ(H) for every hypergraph H. For further details on the definition and properties of the fractional coloring of hypergraphs see [13] and [22] . One of the classical results of fractional coloring is that if H is vertex-transitive, then
(H) α(H) .
It is easy to check that the Kneser hypergraphs K p q
[n] k are vertex-transitive. Thus, using all our previous results we know that
) .
In order to calculate the fractional chromatic number of a Kneser hypergraph, it is thus sufficient to find its independence number. Note that all independent sets F of K p q
[n] k satisfy that for every p elements of F , q of them intersect: this is precisely the (p, q)-property for k-uniform hypergraphs. Thus determining the independence number of K p q
[n] k is equivalent to finding the (p, q)-extremal problem. The following is a corollary of Theorem 1.
Corollary 9. Let n, p, q, t be positive integers, where p − 1 = (q − 1)t + r, p ≥ q ≥ 3, 0 ≤ r < q − 1, n ≥ 2p 2 . Then
[n] 2 = n 2 n 2 − n−t 2 + r .
